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Abstract

A precise definition of the basic reproduction number, R,, is presented for a
general compartmental disease transmission model based on a system of ordinary
differential equations. It is shown that, if R, < 1, then the disease free equilibrium
is locally asymptotically stable; whereas if R, > 1, then it is unstable. Thus, R, is a
threshold parameter for the model. An analysis of the local centre manifold yields a
simple criterion for the existence and stability of super- and sub-threshold endemic
equilibria for R, near one. This criterion, together with the definition of R,, is
illustrated by treatment, multigroup, staged progression, multistrain and vector-
host models and can be applied to more complex models. The results are significant
for disease control.

Key words: Basic reproduction number, sub-threshold equilibrium, disease
transmission model, disease control.

1 Introduction

One of the most important concerns about any infectious disease is its ability to invade a
population. Many epidemiological models have a disease free equilibrium (DFE) at which
the population remains in the absence of disease. These models usually have a threshold
parameter, known as the basic reproduction number, R,, such that if R, < 1, then the
DFE is locally asymptotically stable, and the disease cannot invade the population, but if
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R, > 1, then the DFE is unstable and invasion is always possible (see the survey paper by
Hethcote [1]). Diekmann et al. [2] define R, as the spectral radius of the next generation
matrix. We write down in detail a general compartmental disease transmission model suited
to heterogeneous populations that can be modelled by a system of ordinary differential
equations. We derive an expression for the next generation matrix for this model and examine

the threshold R, = 1 in detail.

The model is suited to a heterogeneous population in which the vital and epidemiological
parameters for an individual may depend on such factors as the stage of the disease, spatial
position, age or behaviour. However, we assume that the population can be broken into ho-
mogeneous subpopulations, or compartments, such that individuals in a given compartment
are indistinguishable from one another. That is, the parameters may vary from compartment
to compartment, but are identical for all individuals within a given compartment. We also
assume that the parameters do not depend on the length of time an individual has spent
in a compartment. The model is based on a system of ordinary equations describing the
evolution of the number of individuals in each compartment.

In addition to showing that R, is a threshold parameter for the local stability of the DFE, we
apply centre manifold theory to determine the existence and stability of endemic equilibria
near the threshold. We show that some models may have unstable endemic equilibria near
the DFE for R, < 1. This suggests that even though the DFE is locally stable, the disease
may persist.

The model is developed in Section 2. The basic reproduction number is defined and shown to
be a threshold parameter in Section 3, and the definition is illustrated by several examples in
Section 4. The analysis of the centre manifold is presented in Section 5. The epidemiological
ramifications of the results are presented in Section 6.

2 A general compartmental epidemic model for a heterogeneous population

Consider a heterogeneous population whose individuals are distinguishable by age, be-
haviour, spatial position and/or stage of disease, but can be grouped into n homogeneous
compartments. A general epidemic model for such a population is developed in this section.
Let z = (x1,...,x,)" with each x; > 0, be the number of individuals in each compartment.
For clarity we sort the compartments so that the first m compartments correspond to in-
fected individuals. The distinction between infected and uninfected compartments must be
determined from the epidemiological interpretation of the model and cannot be deduced
from the structure of the equations alone, as we shall discuss below. It is plausible that more
than one interpretation is possible for some models. A simple epidemic model illustrating
this is given in Section 4.1. The basic reproduction number can not be determined from the
structure of the mathematical model alone, but depends on the definition of infected and
uninfected compartments. We define X, to be the set of all disease free states. That is

Xs={z>0|2;,=0,i=1,...,m}.
In order to compute R,, it is important to distinguish new infections from all other changes

in population. Let
Fi(x) be the rate of appearance of new infections in compartment 4,



V. (x) be the rate of transfer of individuals into compartment i by all other means, and
V. (x) be the rate of transfer of individuals out of compartment 1.

It is assumed that each function is continuously differentiable at least twice in each variable.
The disease transmission model consists of nonnegative initial conditions together with the
following system of equations:

where V; = V; — V" and the functions satisfy assumptions (A1) through (A5) described
below. Since each function represents a directed transfer of individuals, they are all nonneg-
ative. Thus,

(A1) if x > 0, then F;, V",V >0fori=1,...,n.

If a compartment is empty, then there can be no transfer of individuals out of the compart-
ment by death, infection, nor any other means. Thus,

(A2) if x; = 0 then V; = 0. In particular, if z € X, then V; =0fori=1,...,m.

Consider the disease transmission model given by (1) with f;(x), i = 1,...,n, satisfying
conditions (Al) and (A2). If z; = 0, then f;(x) > 0 and hence, the nonnegative cone
(x; > 0,7=1,...,n) is forward invariant. By Theorems 1.1.8 and 1.1.9 of Wiggins [3, p.
37], for each nonnegative initial condition there is a unique, nonnegative solution.

The next condition arises from the simple fact that the incidence of infection for uninfected
compartments is zero.

(A3) F; =0ifi > m.

To ensure that the disease free subspace is invariant, we assume that if the population is
free of disease then the population will remain free of disease. That is, there is no (density
independent) immigration of infectives. This condition is stated as follows:

(A4) if z € X, then F;(z) =0 and V" (z) =0 fori=1,...,m.

The remaining condition is based on the derivatives of f near a DFE. For our purposes, we
define a DFE of (1) to be a (locally asymptotically) stable equilibrium solution of the disease
free model, i.e., (1) restricted to X;. Note that we need not assume that the model has a
unique DFE. Consider a population near the DFE z,. If the population remains near the
DFE (i.e., if the introduction of a few infective individuals does not result in an epidemic)
then the population will return to the DFE according to the linearized system

= Df(x,)(x — x,) (2)
where D f(x,) is the derivative [0f;/0x;] evaluated at the DFE, z, (i.e., the Jacobian matrix).
Here, and in what follows, some derivatives are one sided, since x, is on the domain boundary.
We restrict our attention to systems in which the DFE is stable in the absence of new
infection. That is,

(Ab) If F(x) is set to zero, then all eigenvalues of D f(x,) have negative real parts.



The conditions listed above allow us to partition the matrix D f(z,) as shown by the following
lemma.

Lemma 1 If z, is a disease free equilibrium of (1) and f;(x) satisfies (A1) through (A5),
then the derivatives DF (x,) and DV(z,) are partitioned as

FO Vo
DF(x,) = , DV(z,) = ,
00 J3 Jy

where F' and V' are the m X m matrices defined by

OF; oV : .
F = — 1< <m.
la$j (:)30)] and 'V [&Uj (SBO)] with 1 <i,7 <m

Further, F is nonnegative, V' is a nonsingular M-matrixz and all eigenvalues of Jy have
positive real part.

PROOF. Let z, € X, be a DFE. By (A3) and (A4), (0F;/0z;)(z,) = 0 if either i > m
or j > m. Similarly, by (A2) and (A4), if z € X, then V;(z) = 0 for i < m. Hence,
(0Vi/0xj)(x,) = 0 for i < m and j > m. This shows the stated partition and zero blocks.
The nonnegativity of F' follows from (A1) and (A4).

Let {e;} be the Euclidean basis vectors. That is, e; is the jth column of the n x n identity
matrix. Then, for j =1,... m,

Vi) )~ i (Vi(xo—l—hej)—vi(xg)).

h

To show that V' is a nonsingular M-matrix, note that if z, is a DFE, then by (A2) and
(A4), Vi(x,) =0for i =1,...,m, and if i # j, then the ;th component of zy + he; = 0 and
Vi(z,+ he;) <0, by (Al) and (A2). Hence, 0V;/0z; < 0 for i < m and j # ¢ and V has the
Z sign pattern (see the Appendix). Additionally, by (A5), all eigenvalues of V' have positive
real parts. These two conditions imply that V' is a nonsingular M-matrix [4, p. 135 (Gg)].
Condition (A5) also implies that the eigenvalues of J; have positive real part. O

3 The basic reproduction number

The basic reproduction number, denoted R,, is “the expected number of secondary cases
produced, in a completely susceptible population, by a typical infective individual” [2]; see
also [5, p. 17]. If R, < 1, then on average an infected individual produces less than one new
infected individual over the course of its infectious period, and the infection cannot grow.
Conversely, if R, > 1, then each infected individual produces, on average, more than one
new infection, and the disease can invade the population. For the case of a single infected
compartment, R, is simply the product of the infection rate and the mean duration of the
infection. However, for more complicated models with several infected compartments this
simple heuristic definition of R, is insufficient. A more general basic reproduction number



can be defined as the number of new infections produced by a typical infective individual in
a population at a DFE.

To determine the fate of a ‘typical’ infective individual introduced into the population, we
consider the dynamics of the linearized system (2) with reinfection turned off. That is, the
system

T =—DV(x,)(r — z,). (3)

By (A5), the DFE is locally asymptotically stable in this system. Thus, (3) can be used
to determine the fate of a small number of infected individuals introduced to a disease free
population. Let 1;(0) be the number of infected individuals initially in compartment ¢ and let
V() = (1(t), ..., ¥m(t))" be the number of these initially infected individuals remaining in
the infected compartments after ¢ time units. That is the vector 1 is the first m components
of x. The partitioning of DV(z,) implies that 1 (t) satisfies ¢'(t) = —V1)(t), which has
the unique solution ¥(t) = e~ V%)(0). By Lemma 1, V is a nonsingular M-matrix and is,
therefore, invertible and all of its eigenvalues have positive real parts. Thus, integrating
F(t) from zero to infinity gives the expected number of new infections produced by the
initially infected individuals as the vector FV =1 (0). Since F is nonnegative and V is a
nonsingular M-matrix, V! is nonnegative [4, p. 137 (N33)], as is F'V L.

To interpret the entries of £V ~! and develop a meaningful definition of R,, consider the
fate of an infected individual introduced into compartment k of a disease free population.
The (j, k) entry of V! is the average length of time this individual spends in compartment
j during it’s lifetime, assuming that the population remains near the DFE and barring
reinfection. The (4, j) entry of F'is the rate at which infected individuals in compartment j
produce new infections in compartment i. Hence, the (i, k) entry of the product FV =1 is the
expected number of new infections in compartment ¢ produced by the infected individual
originally introduced into compartment k. Following Diekmann et al. [2], we call FV ™! the
next generation matrix for the model and set

Ro=p(FV™Y), (4)
where p(A) denotes the spectral radius of a matrix A.

The DFE, z,, is locally asymptotically stable if all the eigenvalues of the matrix D f(x,)
have negative real parts and unstable if any eigenvalue of D f(z,) has a positive real part.
By Lemma 1, the eigenvalues of D f(x,) can be partitioned into two sets corresponding to
the infected and uninfected compartments. These two sets are the eigenvalues of F'—V and
those of —J;. Again by Lemma 1, the eigenvalues of —J, all have negative real part, thus
the stability of the DFE is determined by the eigenvalues of ' — V. The following theorem
states that R, is a threshold parameter for the stability of the DFE.

Theorem 2 Consider the disease transmission model given by (1) with f(x) satisfying con-

ditions (A1) through (A5). If x, is a disease free equilibrium of the model, then x, is locally
asymptotically stable if R, < 1, but unstable if R, > 1, where R, is defined by (4).

PROOF. Let J; = F — V. Since V is a nonsingular M-matrix and F' is nonnegative,
—J; =V — F has the Z sign pattern (see the Appendix). Thus,

s(J1) < 0 < —J; is a nonsingular M-matrix,



where s(J;) denotes the maximum real part of all the eigenvalues of the matrix J; (the
spectral abscissa of J;). Since FV ™! is nonnegative, —J; V! = I — FV ! also has the Z sign
pattern. Applying Lemma 5 of the Appendix, with H =V and B = —J; =V — F, we have

—.J; is a nonsingular M-matrix < I — FV ! is a nonsingular M-matrix.

Finally, since FV~! is nonnegative, all eigenvalues of F'V ™! have magnitude less than or
equal to p(FV~1). Thus,

I — FV ! is a nonsingular M-matrix, < p(FV ') < 1.

Hence, s(J;) < 0 if and only if R, < 1.

Similarly, it follows that

s(J1) = 0 & —J; is a singular M-matrix,
& I — FV ! is a singular M-matrix,
& p(FV 1) =1.

The second equivalence follows from Lemma 6 of the Appendix, with H =V and K = F.
The remainder of the equivalences follow as with the nonsingular case. Hence, s(J;) = 0 if
and only if R, = 1. It follows that s(.J;) > 0 if and only if R, > 1. O

A similar result can be found in the recent book by Diekmann and Heesterbeek [6, Theorem
6.13]. This result is known for the special case in which J is irreducible and V' is a positive
diagonal matrix [7-10]. The special case in which V has positive diagonal and negative
subdiagonal elements is proven in Hyman et al. [11, Appendix B]; however, our approach is
much simpler (see Section 4.3).
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Fig. 1. Progression of infection from susceptible (S) individuals through the exposed (E), infected
(I), and treated (T) compartments for the treatment model of (5).



4 Examples

4.1 Treatment model

The decomposition of f(z) into the components F and V is illustrated using a simple treat-
ment model. The model is based on the tuberculosis model of Castillo-Chavez and Feng [12,
equation (1.1)], but also includes treatment failure used in their more elaborate two strain
model [12, equation (2.1)]. A similar tuberculosis model with two treated compartments is
proposed by Blower et al. [13]. The population is divided into four compartments, namely,
individuals susceptible to tuberculosis (S), exposed individuals (E), infectious individuals
(I) and treated individuals (T). The dynamics are illustrated in Figure 1. Susceptible and
treated individuals enter the exposed compartment at rates 8;1/N and 21 /N, respectively,
where N = E + 1 4+ S + T. Exposed individuals progress to the infectious compartment at
the rate v. All newborns are susceptible, and all individuals die at the rate d > 0. Thus, the
core of the model is an SEI model using standard incidence. The treatment rates are r; for
exposed individuals and 75 for infectious individuals. However, only a fraction ¢ of the treat-
ments of infectious individuals are successful. Unsuccessfully treated infectious individuals
re-enter the exposed compartment (p = 1 — ¢). The disease transmission model consists of
the following differential equations together with nonnegative initial conditions:

E = 3SI/N + BoTI/N — (d+ v +1)E + prol, (5a)
I =vE —(d+ ), (5b)
S =b(N)—dS — ,SI/N, (5¢)
T = —dT +rE + qrol — BTI/N. (5d)

Progression from E to I and failure of treatment are not considered to be new infections, but
rather the progression of an infected individual through the various compartments. Hence,

ﬁlsl/N—f—ﬁgTI/N (d—|—l/—|—’l"1)E—])’l"2[
0 —vE + (d+1r)l
. v R N
0 —b(N) 4+ dS + 5,SI/N
0 dT —rFE — qrol + GoTI/N

The infected compartments are E and 1, giving m = 2. An equilibrium solution with £ =
I =0 has the form z, = (0,0, S,,0)", where S, is any positive solution of b(S,) = dS,. This
will be a DFE if and only if ¥/(S,) < d. Without loss of generality, assume S, = 1 is a DFE.
Then,

0 d+v+r, —pr
F— b1 vV — 1 —pr2

) Y

00 -V d—|—7"2



giving
1 d+ry  pro
(d+v+mr)(d+ry) —vpry v ood+v+r

prv

(d+v+mr)(d+ry) —vpry
and R, are as follows: a fraction hy = v/(d + v + r1) of exposed individuals progress to
compartment I, a fraction hy = pro/(d + r3) of infectious individuals re-enter compartment
E. Hence, a fraction hy; of exposed individuals pass through compartment I at least once,
a fraction h2hy pass through at least twice, and a fraction h’fh’;’l pass through at least k
times, spending an average of 7 = 1/(d + r3) time units in compartment I on each pass.
Thus, an individual introduced into compartment E spends, on average, 7(h; +hiho+...) =
Thy/(1—hihe) = v/((d+v+711)(d+713) —vpry) time units in compartment I over its expected
lifetime. Multiplying this by 3; gives R,.

vl=

Y

and R, = . A heuristic derivation of the (2,1) entry of V™!

The model without treatment (r; = o = 0) is an SEI model with R, = 1v/(d(d+v)). The
interpretation of R, for this case is simpler. Only a fraction v/(d+v) of exposed individuals
progress from compartment E to compartment I, and individuals entering compartment I
spend, on average, 1/d time units there.

(a) (b)

B1SI/N + BTI/N + pral B1SI/N + BoTI/N + prol

0 vE
f
0 0
0 0
d+v+m)E (d+v+m)E
y —vE + (d+719)l (d+re)l
—b(N)+dS + 1 SI/N —b(N) +dS + 1SI/N

dT — riE — qrol + B2TI/N dT — mE — qrol + 3,TI/N

P 0 81+ pr2 0 By + pro
0 0 v 0

v d+v+r 0 dtv+r 0
v d+r 0 d+ro

Biv + prov \/ Biv + prov
(d+v+r)(d+r) (d+v+r1)(d+r2)

p(FV~1)

Table 1
Decompositions of f leading to alternative thresholds

Although conditions (A1) through (A5) do not restrict the decomposition of f;(z) to a
single choice for F;, only one such choice is epidemiologically correct. Different choices for
the function F lead to different values for the spectral radius of £V !, as shown in Table 1.
In column (a), treatment failure is considered to be a new infection and in column (b),



both treatment failure and progression to infectiousness are considered new infections. In
each case the condition p(FV ') < 1 yields the same portion of parameter space. Thus,
p(FV 1) is a threshold parameter in both cases. The difference between the numbers lies
in the epidemiological interpretation rather than the mathematical analysis. For example,
in column (a), the infection rate is ) + pry and an exposed individual is expected to spend
v/((d+v+7r1)(d+re)) time units in compartment I. However, this reasoning is biologically
flawed since treatment failure does not give rise to a newly infected individual.

4.2 Multigroup model

In the epidemiological literature, the term ‘multigroup’ usually refers to the division of a
heterogeneous population into several homogeneous groups based on individual behaviour
(e.g., [14]). Each group is then subdivided into epidemiological compartments. The majority
of multigroup models in the literature are used for sexually transmitted diseases, such as
HIV/AIDS or gonorrhea, where behaviour is an important factor in the probability of con-
tracting the disease [7,8,14,15]. As an example, we use an m-group SIRS-vaccination model
of Hethcote [7,14] with a generalized incidence term. The sample model includes several SI
multigroup models of HIV/AIDS as special cases [8,15]. The model equations are as follows:

I; =" Bij(2)Sil; — (d; + 7 + &) T, (7a)
=1
SZ- = (1 - pi>bi - (di + 02')Si + o R — Zﬂij(x)silja (7b>
=1
R; = pib; + vil; + 0:S; — (di + 03) R, (7c)

fori = 1,...,m, where . = (Iy,..., Iy, S1,...,Sm, R1, ..., Rn)". Susceptible and removed
individuals die at the rate d; > 0, whereas infected individuals die at the faster rate d; + e;.
Infected individuals recover with temporary immunity from re-infection at the rate v;, and
immunity lasts an expected 1/0; time units. All newborns are susceptible, and a constant
fraction b; are born into each group. A fraction p; of newborns are vaccinated at birth. There-
after, susceptible individuals are vaccinated at the rate 6;. The incidence, §;;(x) depends on
individual behaviour, which determines the amount of mixing between the different groups
(see, e.g., Jacquez et al. [16]).

The disease free equilibrium for this model is
z,=(0,...,0,87,...,8% R}, ..., R,

where

Go bi (di(1 — pi) + 03)
! dl(dl—i‘el—i‘O}) ’
RO — bi(0; + dip;)
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Fig. 2. Progression diagram for the staged progression model of (9).

Linearizing (7a) about x = z, gives
F = [578i(x,)]

and
V = [(d; + v + €)dij],

where 0;; is one if ¢ = j, but zero otherwise. Thus,

FV—!= [Sfﬁz](ﬂfo)/(dz + 7+ €)]

For the special case with [3;; separable, that is, §;;(x) = a;(z)A;(x), F has rank one, and
the basic reproduction number is

. = S;)O‘i(xO)Ai(IO)
RO_Z di+vi+e ®)

That is, the basic reproduction number of the disease is the sum of the ‘reproduction num-
bers’ for each group.

4.8 Staged progression model

The staged progression model [11, Section 3 and Appendix B] has a single uninfected com-
partment, and infected individuals progress through several stages of the disease with chang-
ing infectivity. The model is applicable to many diseases, particularly HIV/AIDS, where
transmission probabilities vary as the viral load in an infected individual changes. The
model equations are as follows (see Figure 2):

m—1
Il = Z ﬁkS]k/N - (V1 + dl)Il, (9a)
k=1
jz‘ = Vi—lli—l — (Vi + dz)]“ 1= 2, N ]_, (9b)
]m = Vm—llm—l - dm]ma (9C)
m—1
S=b-bS— > BSI/N. (9d)
k=1

The model assumes standard incidence, death rates d; > 0 in each infectious stage, and the
final stage has a zero infectivity due to morbidity. Infected individuals spend, on average,

10



1/v; time units in stage 7. The unique disease free equilibrium has I; = 0,47 =1,...,m and
S = 1. For simplicity, define v, = 0. Then F' = [F};] and V = [V};], where

1 =17<m-1
Fij = b 73._m (10)
0  otherwise,
vitd; j=1,
Vij =14 —v; i =1+7, (11)
0 otherwise.
Let a;; be the (i,7) entry of V', Then
0 1< 7,
1/(v; + d;) =7,
i—1
Q5 = H Vg (12)
k=j L
s 7 <u.
H<Vk + dk)
k=j
Thus,
51 62V1 ﬂ3V1V2
R, = - + +
n+di (n+d)(vra+da) (1 +di)(ve +do)(vs + ds)

+ .
(1/1 + dl) ... (Vm—l + dm—l)

The i*1 term in R, represents the number of new infections produced by a typical individual
during the time it spends in the it infectious stage. More specifically, v;_1/(v;i—1 + d;—1) is
the fraction of individuals reaching stage i — 1 that progress to stage i, and 1/(v; + d;) is
the average time an individual entering stage ¢ spends in stage ¢. Hence, the it term in Ro
is the product of the infectivity of individuals in stage ¢, the fraction of initially infected
individuals surviving at least to stage i, and the average infectious period of an individual
in stage 1.

4.4 Multistrain model

The recent emergence of resistant viral and bacterial strains, and the effect of treatment on
their proliferation is becoming increasingly important [12,13]. One framework for studying
such systems is the multistrain model shown in Figure 3, which is a caricature of the more
detailed treatment model of Castillo-Chavez and Feng [12, Section 2] for tuberculosis and the
coupled two-strain vector-host model of Feng and Velasco-Hernandez [17] for Dengue fever.
The model has only a single susceptible compartment, but has two infectious compartments
corresponding to the two infectious agents. Each strain is modelled as a simple SIS system.
However, strain one may ‘super-infect’ an individual infected with strain two, giving rise
to a new infection in compartment I;. The parameter v > 0 is the contact rate for the
super-infection. The model equations are as follows:

11



L = BiLS = (b+ )L + v I, (14a)
Iy = 32158 — (b+y2)I2 — vI1 15, (14b)

S =b—=0S+ 1+ 2Ly — (Bi ]y + Ba1s)S. (14c)

For simplicity we have scaled the birth and death rates to b > 0. Hence, the disease free
equilibrium is z, = (0,0,1)*, and

0 b+ 0
F = 51 5 V= n ) (15)

0 B 0 b+

with V nonsingular as required. The next generation matrix, F'V =1, has the two eigenvalues

_ Bi
b+’

i=1,2. (16)

1

In this example, J; = F'—V is reducible and (14a) and (14b) decouple near the disease free
equilibrium. The two eigenvalues correspond to the reproduction numbers for each strain.
The basic reproduction number for the system is the maximum of the two. That is,

R, = max R;. (17)

1€{1,2}

An alternate interpretation of this model is that I is the sole infected compartment and that
I, is an uninfected compartment. The strain two equilibrium is (0, 1—(b-+~2) /52, (b+72)/52).
Linearizing about this equilibrium gives F' = (3 (b+72)/Bo+v(1—(b+72)/B2), and V = b+.

Thus,
Rl 1% 1
Ro- R v (1L 18

12 RQ b + " R2 9 ( )
is the reproduction number for strain one near the strain two equilibrium. The interesting
case is, of course, if Ry > 1 > Ry, but Ri» > 1. That is, strain two can invade the disease free
equilibrium, but strain one cannot, and yet strain one can invade the strain two equilibrium.
This can occur if v is sufficiently large.

bl

L|—

v I,

2
pos
28
% i bl,
9| —

Fig. 3. Progression diagram for the multistrain model of (14).
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4.5 Vector-host model

The general framework developed in Section 2 includes vector-host models. As an example,
consider the following simplification of the two-strain, vector-host model proposed by Feng
and Velasco-Herndndez [17] for Dengue fever. The model couples a simple SIS model for
the hosts with an SI model for the vectors. The four compartments correspond to infected
hosts (I), infected vectors (V), susceptible hosts (S) and susceptible vectors (M). Hosts are
infected by contacts with infected vectors, and vectors are in turn infected by contacts with
infected hosts. These infection rates are given by the two terms 3,5V and (,, M I. The model
is written as follows (see Figure 4):

[ =B.SV = b+, (19a)
V = B,MI — ¢V, (19h)
S=b—bS+~I— 5,5V, (19¢)

(19d)

M=c—cM - (3, MI.

The birth and death rates have been scaled to b > 0 for the host and ¢ > 0 for the vector.
Thus, the disease free equilibrium is z, = (0,0, 1,1)*,

0 0, b+~0
2 B DR L (20)

Om 0 0 ¢

with V nonsingular, and the basic reproduction number is

| BsBm
Ro = cb+7) (21)

Near the disease free equilibrium, each infected host produces f3,,/c new infected vectors over
its expected infectious period, and each infected vector produces (s/(b + 7) new infected
hosts over its expected infectious period. The square root arises from the two ‘generations’
required for an infected vector or host to ‘reproduce’ itself.

8.5V w

W
L[5

vl

B MI v
Xy L

Fig. 4. Progression diagram for the vector-host model of (19).
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5 The existence of sub-threshold equilibria

5.1 Analysis of the centre manifold near v = x,, R, = 1.

In this section we consider the nature of the equilibrium solutions of the disease transmission
model near the bifurcation point x = z,, R, = 1. Since R, is often inconvenient to use
directly as a bifurcation parameter, we introduce a bifurcation parameter p. Let p be a
bifurcation parameter such that R, < 1 for u < 0 and R, > 1 for x > 0 and such that z, is
a DFE for all values of u. Consider the system

&= flz, m), (22)

where f is as described in Section 2, with the further restriction that f is continuously
differentiable at least twice in both z and u. The DFE is the line (x,, 1) and the local
stability of the DFE changes at the point (z,,0). We use results of centre manifold theory
(see e.g., [3]) to show that there are nontrivial (endemic) equilibria near the bifurcation point
(x,,0). Before stating these results we introduce some notation and collect a few facts.

We use the notation D, f(x,,0) for the partial derivative of f with respect to = evaluated at
the point x = x,, u = 0. Assume that the zero eigenvalue of D, f(z,,0) is simple and let v
and w be the corresponding left and right nullvectors chosen such that vw = 1. By Lemma 1
and Theorem 2, all other eigenvalues of D, f(x,,0) have negative real parts. Let

v 1 O f;
=-D E 2
a 9 zzf(xoa o lvzijk8 jaxk (.Z'O,O), ( 3)
b=vD,,f(x,,0)w = En v-w-iani (2,,0) (24)
= T 09 - 52 1% axja,u 09 .

We show below that the sign of a determines the nature of the endemic equilibria near
the bifurcation point. First, however, we note that the expression for a can be written in a
different form using results of the previous sections.

Lemma 3 If f(x, ) is continuously differentiable at least twice in both x and p and condi-
tions (A1) through (A5) are satisfied, and 0 is a simple eigenvalue of D, f(x,,0), then in the
nullvectors of D, f(x,,0), v; >0 and w; >0 fori=1,...,m, v; =0 fori =m+1,...,n
and

S 1 azfi > fi
"y - 9
| ;l e (2 Gy, o O ¥ Z T (25)
1,,k=

with o], [=m+1,...,n, k=1,...,m, denoting the (I —m, k) entry of —J; ' J5 where Js
and Jy are the lower blocks of D, f(x,,0) = D (F(x,) — V(7,))|g,—, defined in Lemma 1.

PROOF. By Lemma 1 and Theorem 2, the first m components of v and w are the left and
right null vectors of J;. Since J; is essentially nonnegative (i.e., —J; has the Z sign pattern),
v and w can be chosen such that v; > 0 and w; > 0 for i = 1,...,m [4]. Further, since the
eigenvalues of .J; all have positive real parts, J; ' exists and the remaining components of v
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must be zero. Hence, from the definition of ayy,
m
wl:Zalkwk, lzm—l—l,...,n. (26)
k=1

With these facts, (23) leads to (25) as follows:

m 1 anZ n anZ
- Z Vit Wk (2 x;0xy, +l 2 o axﬁxl)

=m+1 J

For the second step, the second partial derivatives with respect to the uninfected compart-
ments are zero by (A2), (A3) and (A4) (the details are similar to those in the proof of
Lemma 1). O

Since the first m components of v and w are nonnegative, the sign of a is determined by
the signs of the partial derivatives and of «y. In many applications, the first set of partial
derivatives are negative. Hence the sign of a is determined by the mixed partial derivatives
involving both infected and uninfected compartments and ;.

Theorem 4 Consider the disease transmission model defined by (22) with the function
f(z, ) satisfying the conditions (A1) through (A5) of Section 2 and the parameter p as
described above. Assume that the zero eigenvalue of D, f(x,,0) is simple. Let a and b be as

defined by (23) and (24) and assume that b # 0. Then, there exists § > 0 such that

(i) if a < 0, then there are locally asymptotically stable endemic equilibria near x, for
0<pu<d and
(i) if a > 0, then there are unstable endemic equilibria near x, for —6 < pu < 0.

PROOF. Centre manifold theory [3, Theorem 2.1.1] states that there exists a local centre
manifold parameterized by u and p of the form

We = {(z, ple = xo + uw + z(u, )}, (27)

where z(u, i) is orthogonal to w and is second order in both u and u. Further, the centre
manifold, W€, is invariant under (22). That is,

d
i+ = = [+ ww + 2(u, 1), o). (28)

Premultiplying (28) by v leads to the equation

u:vf(atg—f—uw—i—z(u,p),p), (29)

15



since vz = 0 for all (u,u). Centre manifold theory further states [3, Theorem 2.1.2] that
the behaviour of solutions of (22) near the bifurcation point (z,,0) is governed by (29). The
right hand side of (29) can be expanded in a Taylor series as follows:

it = 0f (20, 0) + VDS (0, O)pt + 0De f (20, 0) (o + 2) + £ Dy (w0, O)1*

v

+ 0Dy, f (20, 0) p(uw + 2) + §Dmf(xo, 0)(uw + 2)* + O(3). (30)
The notation O(3) is used to denote terms of third order and higher in u and p. Since
f(zo, ) = 0 for all u, the first, second and fourth terms in the expansion are zero, and since
v is a left null vector of D, f(z,,0), the third term vanishes. Hence, all remaining terms
involving z are higher order, and

u = au® + bup + O(3), (31)
where a and b are defined by (23) and (24).

For 0 > 0 sufficiently small, there are nonzero, steady state solutions of (31) near the line
u = —bp/a for |u| < §. Since we have chosen p so that the DFE is stable for u < 0, a local
stability analysis of (31) shows that b must be positive. Further these nonzero solutions are
stable if a < 0 and unstable if @ > 0. Since the first m components of w are nonnegative,
it follows that the endemic solutions of (22) corresponding to these nozero solutions of (31)
are feasible (i.e., the components of = are nonnegative) only if either 1 > 0 and a < 0 or if
p<0anda>0 O

In summary, the nature of the bifurcation at R, = 1 is given by the sign of a. If either
a or b are zero, then higher order terms in the Taylor series must be considered. If a is
negative, then a branch of super-threshold endemic equilibria exists, and the bifurcation is
supercritical. If a > 0, then there are unstable sub-threshold endemic equilibria, and the
bifurcation is subcritical. These cases are often referred to as a forward bifurcation and a
backward bifurcation respectively.

5.2 Eramples

5.2.1  Treatment models

The result of Theorem 4 can be applied to the tuberculosis example of Section 4.1, since J;
has a simple zero eigenvalue when R, = 1. All second derivatives of f; in (23) are zero at
the DFE except the following:

’PhH
OEOI ~ —H

oh
RE

’f
oroT

= =20, P2 — 1.

Hence,

a = —fviws (w1 +wy + (1 — B/ Br)wy) .
Computation shows that the eigenvectors v and w can be chosen so that each component
of w is positive and v is also positive. Since biologically Gy < (1, it follows that a < 0.
Hence, by Theorem 4 the disease free equilibrium is locally asymptotically stable if R, is
slightly less than one (i.e., u < 0), and if R, is slightly greater than one then the disease free
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equilibrium is unstable and there is a locally asymptotically stable positive equilibrium near
the DFE. The positivity of the endemic equilibrium follows from the positivity of ‘infected’
components (w; and ws) of the right null vector. This vector gives the direction of the
invasion when the DFE is unstable.

Castillo-Chavez et al. [18] propose the addition of a second infection term, S3EI/N, to fo
and the negative of that term to f;. Thus, progression from the exposed to the infected
compartments is not linear, but is increased by exogenous re-infection. This change does not
alter the DFE or R,. However, with this term

a = —frviws (w1 +wa + (1 — Ba/B1)ws) + Bswiwa(ve — v1).

Calculation shows that vy — vy > 0. Hence, the direction of the bifurcation changes if (5
is sufficiently large. If (33 is such that a > 0, then there exists an unstable sub-threshold
endemic equilibrium near the DFE. The significance of this unstable equilibrium is not
trivial. It implies that, although the DFE is locally stable, perturbations above a small
threshold can grow. Further, if R, > 1, then the analysis of the centre manifold tells us
not only that the DFE is unstable, but that there is no nonzero stable equilibrium near the
DFE, and thus a small invasion will grow rapidly and to significant proportions even for
R, near one. The importance of this backward bifurcation for disease control is discussed in
Section 6.

5.2.2  Multigroup model

Next, consider the multigroup model of Section 4.2. The 3m x 3m Jacobian matrix D, f(z,,0)
can be partitioned into blocks corresponding to I, S and R compartments as follows:

157 Bij(x0) — (di + i + €:) 03] 0 0
D, f(x,,0) = — [Sfﬁzg (20)] —[(d; + 92’)5@‘] [Ui(sij]
[idij] [0:0:5] —[(di + 0i)dij]

The upper left block is J; evaluated at R, = 1, and the four lower right blocks comprise
Jy. Note that —J; is a nonsingular M-matrix, and therefore s(J;) < 0. Let w? = w,,; and
wlt = wopyy, for i = 1,...,m. Then,

P =

0i(d; + €;) — diy;
R _ 1\ Wq 7 1 ; 33

Applying (25) with the second partial derivatives for this model leads to

. o Iy s9Bi; r98ij
o= 3% vt (G + G + e, (34

where

a. = — i Ukwl%(dk + Yk + ek)(dk’}/k + (dk + O'k)(dk + Ek))

k=1 bi(di(1 — pr) + o) <0 (35)
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Consider now two cases of interest. First, if [3;; is constant, then a = a, < 0 and the
bifurcation is in the forward direction. Second, if §;;(x) = B;;(N1,...,Ny,) where N; =
I; + S; + R;, then wy + wy + wf = —epwy,/dy and (34) leads to

& vwweerS? OBy
a=a, ”;1 a N, (7). (36)

The results of several models [7,8] can be generalized using

/8]( ) NZ lel ’rlNl ( )

For this model,

_ f: dorwi (dr, + i + €x) (€xpr + Y + dic + 0%)
k=1 bi(di(L = pi) + o)

a =

- (Z;n:l Akjwj) Sqvri(eqwiby — epwyb;)

i k=1 brd; (ZT:1 ijj/dj)Q

(38)

In the case studied by Hethcote and Van Ark [7], 5;;(z) = X\;;/N;. That is, A;; = 0 in (37),
and, by (38), a < 0 and the bifurcation is always in the forward direction. Huang et al. [§]
used this model with p; = 6; = v, = 0, = 0, [\;;] diagonal and [A;;] irreducible and found
that backward bifurcation is possible. Our results remove these restrictions.

6 Discussion

The analysis presented herein can be applied to a large class of compartmental epidemic
models that possess a DFE. The basic reproduction number, R, (given by (4)), is a threshold
parameter for these models. Moreover, the local analysis of the centre manifold yields a
second parameter, a (given by (23) or (25)), whose sign indicates the existence and stability
of a branch of endemic equilibria near the threshold R, = 1. The stability of these equilibria
is important for disease control, as there are large differences in the solutions of the system
between the two cases a < 0 and a > 0. For the forward bifurcation (a < 0), there are
stable super-threshold endemic equilibria near the DFE. Thus, reducing R, through one
lowers the incidence of the disease until it is eliminated as R, passes below one. For a
backward bifurcation (a > 0), there are unstable sub-threshold endemic equilibria near the
DFE. The unstable sub-threshold endemic equilibria indicate that the DFE is stable only
to very small perturbations, and that even a small perturbation can result in an epidemic.
Further, as R, increases through the threshold, there is a catastrophic increase in disease
incidence. The lack of a local super-threshold endemic equilibrium suggests the existence of
a non-local endemic equilibrium with a relatively large fraction of infected individuals, or a
periodic solution. Backward bifurcations have been studied in models for HIV/AIDS [8,15],
tuberculosis [18] and for BRSV [19].

Throughout the analysis, we have assumed that a well defined DFE exists. However, some
models may be cast in terms of fractions so that there is an equilibrium distribution of
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individuals over the compartments even though the total population size is not constant. In
this case the analysis can be applied to the fractions of individuals in each compartment to
yield a threshold parameter (see, e.g., [20,21]). This threshold is not the basic reproduction
number, since it is a threshold for the fraction rather than the number of infected individuals,
but the analysis for both the threshold condition and the direction of the bifurcation is
similar.
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Appendix

Let s(A) be the maximum real part of the eigenvalues of A (the spectral abscissa), and let
p(A) be the maximum modulus of the eigenvalues of A (the spectral radius). In Section 3, we
make use of several results from the theory of M-matrices. A matrix B = [b;;] has the Z sign
pattern if b;; < 0 for all « # j. If B = s/ — P, where [ is the identity matrix, P is nonnegative
(P > 0 entrywise), and s > p(P), then B is a nonsingular M-matrix; if s = p(P), then B
is a singular M-matrix. There are many definitions of M-matrices equivalent to the above.
For example, if a matrix B has the Z sign pattern and s(B) > 0, then B is a nonsingular
M-matrix [4, p. 135 (Ga)].

Lemma 5 Let H be a nonsingular M-matriz and suppose B and BH™' have the 7 sign
pattern. Then B is a nonsingular M matriz if and only if BH™"' is a nonsingular M-matrix.

The forward implication is stated in a slightly different form as Exercise 6b of Horn and
Johnson [22, p. 127] and the reverse implication is stated in Berman and Plemmons [4, p.
159 (5.2)].

In general, this lemma does not hold if B a singular M-matrix. It can be shown to hold if
B is singular and irreducible. However, this is not sufficient for our needs. More specifically,
our proof of Theorem 2 makes use of the following lemma.
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Lemma 6 Let H be a nonsingular M-matriz and suppose K > 0. Then,

(i) (H — K) is a nonsingular M-matriz if and only if (H — K)H™' is a nonsingular M-

matric.
(1) (H — K) is a singular M-matriz if and only if (H — K)H ™! is a singular M-matriz.

PROOF. Let B= H — K. Then both B and BH™! = I — KH~! have the Z sign pattern.
(Recall that H=! > 0 since H is a nonsingular M-matrix.) Hence, Lemma 5 implies statement

(i). A separate continuity argument can be constructed for each implication in the singular
case. O
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